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Nonlinear Error Dynamics and Predictability Study
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Abstract For a chaotic system, there exists a limit to how far ahead one can predict, which is unlikely to be deter-
mined by the existing global or local Lyapunov exponents. Primarily this is because the existing global or local Lya-
punov exponents are established on the basis of the fact that the initial perturbations are sufficiently small such that
their evolution can be governed approximately by the tangent linear model (TLLM) of the nonlinear model, which es-
sentially belongs to linear error dynamics. Linear error dynamics has been proved to have great limitations, which is
only valid under given conditions and within a specified period of time, and is not applicable to the description of the
process from initial exponential growth to finally reaching saturation for sufficiently small errors. Because of the lim-
itations of linear error dynamics, the authors develop the nonlinear error dynamics, which measures the growth of
initial errors of nonlinear dynamical models without linearizing the governing equations. Firstly, a nonlinear error
propagator is defined in the phase space, which propagates the initial error forward in time along the system’s fidu-
cial trajectory. Then, the concept of nonlinear local Lyapunov exponent (NLLE) is introduced. The mean relative
growth of initial error can be obtained by the mean NLLE. For a chaotic system, the authors prove that the mean
relative growth of initial error derived from NLLE approaches a saturation value, which cannot be obtained from the
linear error dynamics. Using the saturation level, the limit of dynamic predictability can be efficiently and quantita-
tively determined. The nonlinear error dynamics may be applied to the predictability study of the finite-size initial er-
ror, and demonstrates superiority in determining the limit of predictability of chaotic systems in comparison with lin-
ear one. The above results are examined by using the simple Logistic map and Lorenz system. But it is clear that the

nonlinear error dynamics can be used to measure the growth rate of initial errors of a multi-discipline range of chaotic
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systems, and further quantify their predictability. Therefore it is reasonable to expect that the nonlinear error dy-

namics will be well applied to the complex systems, such as atmosphere and ocean systems. Recently, by applying

the nonlinear error dynamics to the predictability analysis of atmospheric observation data, the authors obtain very

encouraging results. A detailed discussion of these results will be given in the future.
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gistic map as a function of time step n
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