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Abstract There are many complex multi-scale systems in real life. Studying
these coupled systems can help us to gain a more comprehensive understanding
of the dynamical properties of the systems. In this paper, the implications of
coupling strength on chaotic attractors and their predictability are investigated
by varying the coupling coefficients of a coupled Lorenz model, which
combined with a fast and slow dynamics. The results show that as the coupling
coefficient increases, similar low-frequency variations to those of the slow
dynamics can be found in the fast dynamics, along with its attractor becoming
larger; while the high-frequency variability of the slow dynamics increases.
The predictability limits of the system are investigated using the nonlinear local
Lyapunov exponent (NLLE) method. It is found that after coupling, the natural
logarithm curves of error growth of both the fast and slow dynamics consist of
two distinct growth rates, with the first period being the fast error growth and
the second period being the slow error growth process. Furthermore, the
saturation value of the error growth varies from the strength of the coupling.
However, the sensitivity to the coupling coefficient is not the same for the
predictability of systems of different scales. Increasing the coupling coefficient
leads to a larger attractor for the fast dynamics, providing more predictable
information, which offsets the effect of a reduction in the predictability limit
due to the increased error growth rate, ultimately leading to a longer
predictability time for the fast system. However, for the slow dynamic system,

the size of the chaotic attractor is minimally affected by the strength of the
2
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coupling, but an increase in the coupling coefficient will significantly add the
instability of the slow dynamics, thus reducing the predictability limit of the
slow system. Finally, this study can provide new insights into the predictability
of such complex climate systems.

Keywords nonlinear local Lyapunov exponent (NLLE), coupled Lorenz

system, error growth, predictability
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KREAMERN—NEENAELE RS, HA RSRMRE, ST ke 280
—EJaH, EHZIEE, PR & 223 T5(Thompson, 1957; Lorenz, 1963a, 1963b).
BRI, 6 R VRS TR T 2R 0 i) T I R A TF B L 28 Y (Palmer, 1999;
BREEE, 2017). FAIE AR 32 8O0 S R VR R Ge ] PR PR a) L. — 7T,
MU A0S X A 7E R 22 I AR B R, B8R T R 2 1 18 K K78 (Dalcher and
Kalnay, 1987; Mu and Duan, 2003), Jf#t 7ttt &G m] fisk vt E R 77
%(Ding and Li, 2007; Krishnamurthy, 2019; Z=#F-fl HL 415, 2003). 55— 1,
F 1 AR VR R G AT WAk MR, R BN € A aEa A B TR e R
40 T AR (T SCF4E, 2006; 22 55, 2012; 2 —1655, 2020). FRBFAESSE T
VP2 EEW SR, IR T AR A 4t 7] T4 P 19 IA iR (Reichler and Roads,
2003; BB AIAERE, 2006; ZEORAESE, 2017).

LR, BEE R 2% RGN 2 ROBERHE B HAH B AR P 10 725028 4 52 3] 8 41
(Goldenfeld and Kadanoff, 1999; 4&57.41, 2005; Shen et al., 2021), #EKZ 1 TAE
FECEINER e SN RINE L AE P IR A= RN ST o e S SR DN NS
— R BTG Lorenz £ 84 (1) AT TR i) @ (Moon et al., 2020). 41 Pefa Al
Kalnay (2004)73 87 7 — AN JEH A Lorenz BB IR Z KIS HE, IR T EA

A REEPLBI I J5 ik, 120568 B b TR M AN € 1 ;- Boffetta 55(1998) K i
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WA RGN R 2RISR I0RE £, IR o R % iR = g Kol
AR E KA AT R BIR; 2 )5, A RH P ERIHE TEAS
[F) W] 46 1% 22 KNS A T R G A A AT FRARME 45 B R 30 250 o B AT DAL b 4
AR PRSI 1R 25 KN 1K R (Li and Ding, 2011). 53— 2R 58 45 & S br il
AR ) B ARRE S AR, A MR B ROBE I R 0 R TR A ) R 5 o AL 3
(Zhang, 2010). %1, Zhao Z5(2021)FEWF FTiE AR EAF HILRE A T FUR RIS, )
& T =R IA KA R W RR AN G I R ) 1] R R A M A
B, IEEENZAE RGP R AR AR 70 B i e K URT P M A
TRk, B AR FEERS TR e G R T 2 RE RG] Fd Ik ) A, AR
RERE RABRINE JIFRHER T SN RERT RE SR, ©H&RHRLH
RS E SR . HET, XTGBT 2 R RG] TR v s (1 wf Fe b b
Ik, A B2 5N R RS & 5 B 22 RUBE R G0 A 5 3y ) 27 R AE S vl TR AR 1

AHIE L A2 BT 18] HL ¥ Lorenz #1584 (Boffetta et al., 1998; Li and Ding, 2011),
WAL T A REOS AR R RG] F 15 FRE— 5 R R 4 R
Lyapunov 1% /77%:(NLLE; Ding and Li, 2007; Z= & 71 T Hi5, 2009), #E | A
[FIRE G SR BE 2R A R ARG R G 25 Y Ko A B R TR (1R Ak
2 LM /A Lyapunov (NLLE) A&k

T —AndEIELR S ) R G, HRZHEA AT LI N 205
§=J(x)8 + G(x,8), (1)
H gt Z| R HRES R, S&REx LB MIiRE, Jx)e2 Lk
W, FRonRZERLEE KIS, G(x, 8) X TREN KPR tml, #ik
ZHA T FE(O)MHIEE 2t = to Bty + THATHUER 2R AE, 7T LS 3.
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8(ty + 1) = n(x(ty), 8(ty), 1)6(to) , (2)
HoF o, p(ty),d(ty),r) N AF & = = £ B H T, 8(ty)=
(81 (to), 8 (to), . 8, (L)) AWIUE IR Z M F . NLLE R DLSE XONR Z KK

18(to+Dl
8(to)

KB IA(x(to), 8(to), T) ALK T AH 2 18] 7 225 BUIE R 46 IR x(E)

Ax(ty), 8(ty), ) = ln (3)
AL T, T SHIAIR S, A 5. ASCHITE £ B3R i RG] i b,
T LA 4 R E] T E P00 NLLE /5%, B

A(80,7) = [ A(x0, 80, T) dx
= (A(x0, 80, D))y

X RORBEAE G FHXBEEE, )y EARNN > o) RIS 1

(4

ANFEIFERBEE T, A8, ) RINABN RAENAREE . LA BT PLSRAS
WILH R 22 B3R 1S K,
E(80,7) = exp|A(8p; D7), (5)

H(3), (A)FG)RAHE:

1/N

N

E(8,,7) = ([1[ 8;(to + r)) /8(t,), (6)

ST —AMNRIERG, 8;(tg + 1), 8,(ty + 1) -, 8y (to + T) T E IS HIY]

tRiRZ LTI ZIEAL IS R 22 RN, BEET > o, HRIELE AN E B (Ding and Li,
2007), RZE B SARRIG K DARE S SO — AN H . [

E(80,7) — c(N > ), (7

Horp « 57 R RMER P T 3—, PRERILRGA ST,

XFE—AMRIMR G 5 Prg[A — MR A, B, TP — 8%

M52, Al BVERZIRT RGHNHEZIEKE (8,, ) WMAME, — HiREHKIAT

WAME, MIEWE RGRYIEE BB ER, K EE N, ERERIIEA
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R TR E R RG] FERIIER . 2% Li M Ding(2011)) LAF, AR
R ZEEAL BN A ¢ 199 %I S5 B (1 B[] 58 A AT Tt R
3 #& Lorenz BB J KR 5| F4eiE

AW T EEEE TG Lorenz #&4Y, ZERAES 1 PRAZ P DASE I [H]
REEHSAE )T R Gi(Boffetta et al., 1998), Hzh J1 7 FEH A RoRN:
(ax? _ a(xgs) B xis))

dt

o
i (—xis)xés) + ) — xés)) ~exPx{)

at
)

dx;” _ (). (%)

— =X X, = bx;

(8)

A

)]

d% = ca(xff) — xlm)

N
d
X2 _ c(—xff)ng) + fogf) _ng)) + Efxif)xf)

= D) = pxDy

Hir, 0=10, b=8/3,c=10. RIEAFRERIZFRERME, KT
AR AL AR K T = AN TR R — A Lorenz AR R4, ARALARXHHUE 1) =
MNIRRAR MRS, 0 B R(HRR REGHISE =10 AR
ESH, FRMARGHERILERFEKR 10 5. Bb4k, R/ RS Rayleigh 4L
R—kt, AL, = 28, MR ALK = 45, Bid—exPxL, e, xP xS ¥ 5
NRGMER—NEM, (D AP ar Wg RGNS R e, RnE RGZ 2
WAGRIGEE, MikEERARBEENMEG RGP RRE, FH, AR
IR R B, RR18 RGN R RF W GEE, DRERGAEBE NS Rg T
[ S R

la A 1b 735145 1 T fEes = 0,6, = O (R RGAN R R GLIZ B
A R G0 IR AR 22 ML 5] 74544, 4% B & KH) Lyapunov 85 2 ANF,
A = 1217, AP = 0.905, BT BR 2R G0 R 20K S LS R K

NEREA. NE 1c AT UE 118 248 3 2 2 IURIARACFE,  mPR &S00 A
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HRAG K Lyapunov 850 B30, XKL T RALIREHK LS T
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S RENe = 10718, ¢ = 240, MRS HE— DG 0R, W LLE AL B
9 IS 2 S AR T AR I R S B & R R KSR, k1T 5 55008 R 48 %
b, WSl THEMEE; RAKKOEBRS EMUE, W5 TEEER (A lg-
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1 R[FI RS & R B2 R i (a, d, @) FIER R GE(b, e, )= 4RSI A (L 22R), x{(

Y LB IS AR R FF BUCe, £ D)o CRERBLERE & R HIN: (a-0)e; = 0,67 = 0; (d-
fes = 1072, €f = 10; (g-i)eg = 10718, ¢, = 24)

Fig.1 The three-dimensional trajectory of fast system (a, d, g) and the slow system (b, e, h) and the

temporal evolution of xf)(thick solid line), ng ) (thin dashed line) (c, f, 1) with different coupling
coefficients. (Coupling coefficients corresponding to (a-c) €, = 0, € = 0; (d-f) €5 = 1072, € =

10; (g-i) €5 = 10718, ¢ = 24)
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ZEIE % FARAE I 18] 55 T P e A 1R /NS PG B4 5 7 log(e5) 4R 7)

Fig.2 (a)Temporal evolution of the natural logarithmic error growth and (b) the time of
predictability limit (T, ) of the fast system with different slow coupling coefficient €, and constant
fast coupling coefficient (€, = 10). (The inset of (a) is the enlarged detail of the error growth curve
when the error reaches saturation, and the dots correspond to the positions where the respective

error growth reaches saturation, The values of € are logarithmicized (log(e,)) in the figure)
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Fig.3 (a) Temporal evolution of the natural logarithmic error growth and (b) the time of
predictability limit (T,) of the fast system with different fast coupling coefficient (¢5) and constant
slow coupling coefficient (e, = 10~2). (The inset of (a) is the enlarged detail of the error growth
curve when the error reaches saturation, and the dots correspond to the positions where the

respective error growth reaches saturation)
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Fig.4 (a) The time of predictability limit of the fast system with different coupling coefficients; (b)
The average time of predictability limit of the fast system varies with €, (average along the ¢,
coordinate axis of figure a) and ¢ (c) (average along the ¢; coordinate axis of figure a) ( The

values of € are logarithmicized (log(es)) in the figure)
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Fig.5 (a) Temporal evolution of the natural logarithmic error growth and (b) the time of
predictability limit (T, ) of the slow system with different slow coupling coefficient ¢ and constant
fast coupling coefficient (€, = 10). (The inset of (a) is the enlarged detail of the error growth curve
when the error reaches saturation, and the dots correspond to the positions where the respective

error growth reaches saturation; The values of € are logarithmicized (log(e;)) in the figure)
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log(c,) coordinate axis of figure a) and ¢, (c) (average along the ¢¢ coordinate axis of figure a)

(The values of €, are logarithmicized (log(e,)) in the figure)
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Fig.8 (a) The time of predictability limit of the coupled system with different coupling coefficients.
(b) the average time of predictability limit of the coupled system varies with €5 (average along the
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